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Weighted X-ray Transform

e X CR"Isopen

e Y C G, Isanimmersed real-analytic n-dimensional
submanifold of the set of lines—Iline complex

e Z={(x,l)e X xY |z el }—theincidence relation

e u(z,l) e C*(Z)is aweight function

e I(a,&) ={x=a+ &t} isaline parameterization

o Ruf()) = Ruf(a,€) = fyop F@)nle.1(a,€)) dt
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Admissible complexes in R?

Type |I:  Given a non-planar real analytic surface W ¢ R3. Y
IS the set of all lines [, tangent to W, such that W has
nonzero directional curvature along [ at point of
tangency.

Type Il:  Given a nonsingular real analytic curve v € R3. Y is
the set of lines intersecting this curve non-tangentially

Type Ill:  Given a closed simple nonsingular real analytic
curve of directions 6 C S?. Y is the set of lines with

directions on 6.
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Type |

Theorem 1. Let Y be an open connected subset of type |
complex defined by W. Assume that Y is an embedded
submanifold of the set of all lines. In case there is a plane P
tangent to IV at non-discrete set of points, assume that no
line in Y is contained in P.

Let X be an open set in R? disjoint from W and let x(z, 1) be
real analytic function on Z that is never zero. Let f € £'(X).
If R,,fly =0 and some line in Y is disjoint from supp f, then

every line in Y Is disjoint from supp f.
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Type I

Theorem 2. Let Y be an open connected subset of type Il
complex defined by v. Assume that Y is an embedded
submanifold of the set of all lines. If v Is a plane curve,
assume that no line in Y is contained in a plane containing ~.
Let X be an open set in R? disjoint from ~ and let p(z,1) be
real analytic function on Z that is never zero. Let f € &'(X).
If R, f|ly = 0and some line in Y is disjoint from supp f, then

every line in Y is disjoint from supp f.
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Type Il

Theorem 3. Let Y be an open connected subset of type Il
complex defined by #. Assume that 6 is not a great circle

of S2.

Let X be an open set in R? disjoint from ~ and let p(z,1) be
real analytic function on Z that is never zero. Let f € £'(X).
If R, f|ly = 0 and some line in Y is disjoint from supp f, then

every line in Y is disjoint from supp f.

8 /40



Introduction

Boman-Quinto

support theorems

[BQ]

Boman-Quinto
support

theorems—revised

Theorem of Hormander

Theorem 4. Let X be an open subset of R”, f € D'(x), and
xo a boundary point of the support of f, and assume that
there is a C? function F' such that F(zq) = 0, dF(xg) # 0, and
F(z) <0onsupp f. Then (zg, £dF(xg)) € WEFA(f).
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Double fibration

A=N*"(Z

/\ 2N

T*X \ 0

N*(Z) c T*X\ 0 x T*Y \ 0

TV \ 0

px : Z — X has surjective differential (Y is a regular line

complex)
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Admissible complexes

e cone C, =Upy(py (7)) C X

e for non-critical x C, is two-dimensional

e [ €Y Is non-critical, if not all of its points are critical.

e complex of lines is admissible, if V non-critical x € [ C',,

has the same tangent plane along [
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Proposition

Proposition 5 (cf. [GU]). Let Y be a regular real analytic
admissible line complex. Lety € Y and assume f € &'(X)
and R, f(l) =0foralll € Y in a neighborhood of /. Let
relpNnX andlet¢ € TX(X) be conormal to [y, but not

conormal to the tangent plane to C, along ly. Then

(x,8) ¢ WEA(S).
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Proof of the proposition

Let Ag C A be asetof (x,£,1,7n) such that ¢ is not
conormal to C,, along .

R, as a Fourier integral operator with Lagrangian
manifold A

Ao is a local canonical graph

R, is analytic elliptic, when microlocally resticted to Ay

R,f=0nearly= (x,§) ¢ WE4(f) for (x,£,1p,n) € Ag
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Characteristic paths

e Letzy e RP". Characteristic path with pivot point x( Is the

smooth path in py (py' (20)).

Proposition 6. Let the hypotheses of theorem Type |

(Type Il, Type Ill) hold. Let f € £'(X) and assume R, f = 0 on
Y. Letli(s) : |a,b] — Y be a characteristic path and assume
[(a) does not meet supp f and the pivot point of the path is

disjoint from supp f. Then

I(s)Nsuppf=0fora<s<b
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Proof of proposition 6

Reduce to the case of pivot point at infinity

Construct a “wedge neighbourhood” of I(s) in X:

0 D(s,7), D(s,0) = U(s), (1 = (11, 72), [[7]] <€)
O D(a,7)Nsuppf =10
0 no conormal £ to OD(5) at z is conormal to C;

alongi(s) > 7

Let s =sup{s1 € [a,b] | D(s)Nsupp f=0fora<s<s}
D(5) meets supp f at some point € 0D(5), £ L 9D(3)
Proposition 22 implies that (z, &) ¢ W E4(f)

Hormander’s theorem implies that f = 0 near x

The only possibility is 5 = b. So, I[(b) Nsupp f = ()
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Introduction

e Let a smooth manifold X, dim X = n be given
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Boman-Quinto 0 VL CT,X,dimL =1 there is exactly one curve
support

theorems Tevised y€Y,suchthatz c yand T,y = L

O Bibliography

O thendimY =2n — 2

e Assume that 7y : N*Z — T*Y \ 0 is bijective immersion
e X =Immy CT*Y \0is the characteristic surface

o Covector £ € T)Y is called characteristic, if (y,£) € X

e letY,={yeY|ys2}CY

¢« Y= UNY,
rey
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Complexes of curves and critical points

e By a complex of curves we understand a submanifold

KcY,dmK>n-1

Definition 7. Lety € K C Y anddim K =n — 1+ r. A point
x € y is a critical for the complex K if
R(z) = dim(T, K NT,Y;) > r. Anumber k(z) = R(x) —ris

called the multiplicity of x

19/40



Introduction

Boman-Quinto

support theorems

[BQ]

Boman-Quinto
support

theorems—revised

O Bibliography

Critical points and characteristic covectors

Lemma 8 (cf. [Gu]). There is a critical point x € y € K of
multiplicity k(z) = k if and only if there is subspace L, C N, K

with dim L, = k that consists of characteristic covectors.

Proof.

e dmK=n—-1+r, dim(T,KNT,Y,)=r+k
e (T,KNT,Y,): = (T,K):U(T,Y,)"
e 2n—-2-r—k=Mm-1-7r)+(n-1)—-dim(N;KNN;Y;)

[]
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Characteristic and hyperbolic complexes

Definition 9. A complex of curves K is hyperbolic, if Vy € K
there exist critical points x4, ..., xs € y such that
NyK = Ly, & -+ ® Ly, Wwhere L, is the characteristic

subspace corresponding to z;

Definition 10. A complex of curves K is characteristic,

N*K C X

Lemma 11. K is characteristic < Vy € K there exists

critical point x € y of multiplicity codim K

Remark. ¢ The notion of hyperbolic complex of curves

differs from the notion of admissible complex of curves

e For C-complexes of lines notions coincide 21/40



Regular non-splitting critical points

Introduction Definition 12. A critical point = € y Is non-singular, If there is
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support theorems a neighborhood W C K of a curve y such that V¢ € L,
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I Definition 13. Let K be a hyperbolic complex, yo € K. We
say that yy has non-splitting critical points if there is a
neighborhood W C K of a curve gy, such that for y € W there
are s non-singular critical points z1,...,zs € y smoothly
dependent in y with constant multiplicities k1, ..., kg

(2_ ki = codim K) for which NJ(W) = Ly, ® -+ ©® Ly,

22 /40



Introduction

Boman-Quinto

support theorems

[BQ]

Boman-Quinto
support

theorems—revised

O Bibliography

Local structure of hyperbolic complexes

Theorem 14. Suppose that K is a hyperbolic complex,

yo € K Is a curve with non-splitting critical points.

Then there exists s characteristic complexes W;, such that
W =nNW; and Vy € W the critical point x; € y will be critical

for exactly one complex 1W; with the same multiplicity.

Conversely, suppose that W = NW,, where the W, are
hyperbolic complexes, and dim W > n — 1.

Then W is hyperbolic, and any y € W will have as critical
points all the critical points of all the 1//; with corresponding

multiplicity.
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Proof of the theorem 14

Introduction o N*WNX=nNV,, where V; is the bundle of characteristic
Boman-Quinto

support theorems covectors corresponding to the critical point z; = x;(y)
[BQ]

Boman-Quinto O dimV;=2n-2+k; — k

support

EGREAE—TENEs O Vjisisotropic submanifold in 7%Y \ 0

O Bibliography

e Y is an involutory submanifold of 7*Y \ 0,codim ¥ = n — 2

0 Ideal J of functions vanishing on X corresponds to the

Lie algebra V of vector fields tangent to X:

» J3 frsgrad f €V (sgrad f Vw = —df)

e Acton V; by the Hamiltonian flow corresponding to V

e We obtain a Lagrange manifold W; = N*W,
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Local structure of characteristic complexes

Theorem 15. Let K be a characteristic complex,
codim K = k. Then in a neighborhood of non-singular curve

K consists

1. for £ > 1 of curves intersecting given submanifold
M C X,codmM =Fk+1

2. for k =1 of either curves intersecting a given submanifold
M C X,codim M = 2, or curves tangent to a given

submanifold M C X, codimM =1

Proof. Compute arank of ¢ : y — x(y), where z(y) is a

critical point of y. M = Im . []
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Local structure of hyperbolic complexes—I

Theorem 16 (cf. [Ma]). Let K be a hyperbolic complex,
codim K = k, and yo € K be a curve with non-splitting critical
points. Then the critical points z;(y) circumscribe s manifolds
M; C X. Moreover, If k; > 1 then codim M; = k; + 1 and
curves in W intersects M; transversally; if k; = 1, then either
codim M; = 2 and curves in W intersect M; transversally, or

codimY = 1 and curves in W are tangent to /.
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Local structure of hyperbolic complexes—II

Theorem 17 (cf. [Ma]). Conversely, let s submanifolds

M; C X be given and let k; = max { 1, codim M; — 1 }; if

> k; = k and the set of curves intersecting the submanifolds
of codimension £; + 1 and tangent to submanifolds of
codimension 1 forms a submanifold in Y of codimension £,
then this is a hyperbolic complex with critical points of

multiplicities £; lying on the M.
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0 Bibliography Definition 18 (cf. [Pa]). Line y, satisfies a weak
completeness condition for w at zg = x(tg) € yo = y(uop), if a
germofthemapIl, : K x R — R x R",

I, : (u,t) — ({w,x),x(t)) is a diffeomorphism at (ug, to).
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_ Definition 19. e Point x(t) € y is w-critical, if the weak
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0 Bibliography e Line y is w-critical, if all its point are w-critical

e The set of conormals w L y for which y is w-critical is

called the set of critical conormals, and Is denoted by (2,
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w-critical lines

Lemma 20. Let yg = y(ug) € K, w L yg. Apoint x = x(ug, to)

IS w-critical < P, (tp) = 0, where polynomial

Po(t) = (w0, ) g Pi(t) ).

Proof.
¢ ¢ ¢
<w,m> <W7W> <w,m> 0
o', | gt og', | 0B o', | 9B .
Tl T 3t Flt a3 ot + g €
_ o2, | 8p> o2, | 0B o2, | 88 .o
Fot)=det| S+ 250 Tt + 5y gt t o €
OE™ oB3" oE™ o™ O&™ o™
a§1t+ — 8§2t+% ain“rain 3
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Admissible complexes and critical normals

Theorem 21. Let K be an n-dimensional line complex in R.

The following properties are equivalent:

1. K is admissible
2. For all non-critical line y € K, for all w € R*, w L y, either
y 1S w-critical, or all its w-critical points are critical.

3. Forall non-critical y € K dim ), = n — 2.
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Proof of the theorem 21

nirodueton e Tangent plane to C,, Is spanned on vectors £ and
S;;)Zt(t?heot(;ms ' 1( -t + 28 ) Py(to) =

—— (S 5 k<t>) (t — t0) — Pu(t)S

sooons_swises_ » S0,y = {w R | {w,6) =0, P,(1) =0} =

O Bibliography A~

teR{WER*

wl & wl ) 1akak( )}
ﬁtER\Crity{ w e R* | w L TCyp } =

1
ﬁtE]R{\Crity (TC:z:(t))l — (UtGR\Crity TC:v(t))

33/40



Introduction

Boman-Quinto
support theorems

[BQ]

Boman-Quinto
support

theorems—revised

O Bibliography

Proposition (revised)

Proposition 22. Let Y be a real analytic n-dimensional line
complex in R™. Let [, € Y and assume f € £'(X) and
R,f(l) =0foralll € Y in a neighborhood of /. Let

ro € lpN X and let § € T; (X) be conormal to [y, and such

that x( is not &-critical point for ly. Then (x,&) € WEA(f).
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Proof of the revised proposition

e LetAyC Abeasetof(z,¢,1,n) such that z is not
¢-critical for (.

e IR, as a Fourier integral operator with Lagrangian
manifold A

e Ay is alocal canonical graph

e IR, is analytic elliptic, when microlocally resticted to Ay

e R,f=0nearly= (x,§) ¢ WFs(f) for (z,&,1lp,n) € Ao
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A common way to prove a support theorem

Principle 23. Let Y be an n-dimensional complex of lines
inR™. Let f € £&'(X)and assume R,f =0o0nY. Let

[(s) : [a,b] — Y be a path and assume [/(a) does not meet
supp f. Suppose that there exists a “wedge neighbourhood”

of I(s) in X, such that
1. D(s,7), D(s,0) =1(s)
2. D(a,7)Nsuppf =10

3. for no conormal £ to D(5) at z, line I(5) > 7 is &-critical

Then
[(s)Nsuppf =0fora <s<b
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Admissible complexes—characteristic

paths

e (), = (UteR\Crity TC&?(ﬂ) L

dim )y, =n — 2

37 /40



Introduction

Boman-Quinto

support theorems

[BQ]

Boman-Quinto
support

theorems—revised

O Bibliography

Non-admissible complex
/Ugt + u1\

\ !

/

o Pw (t) = W1 — twg

e [p=1(0,0,0), 11 = (u1,u2,u3), ls = (suy, sus, sus)

[

e D(s,7)=

\

sust 4+ suy + €(s) cos(T)
(suy + (s) cos(7))t + us + £(s) sin(7)
t

e Forfixeds P,(t) =00nT,(0D(s)) <= cosT =

)

)

0 you can chose ¢(s) such that it will be internal point of

D(s,T).
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